The Doppler effect is a phenomenon which relates the frequency of the harmonic waves generated by a moving source with the frequency measured by an observer moving with a different velocity from that of the source. The classical Doppler effect has usually been taught by using a diagram of moving spheres (surfaces with constant phase) centred at the source. This method permits an easy and graphical interpretation of the physics involved for the case in which the source moves with a constant velocity and the observer is at rest, or the reciprocal problem (the source is at rest and the observer moves). Nevertheless it is more difficult to demonstrate, by this method, the relation of the frequencies for a moving source and observer. We present an easy treatment where the Doppler formulae are obtained in a simple way. Different particular cases will be discussed by using this treatment.
Introduction
The Doppler effect is a phenomenon of intrinsic kinematic character. This allowed Kapoulitsas [1] to treat in a simple way a generalized Doppler effect by supposing that the positions of both the source and the observer are arbitrary functions of time. By doing this, Kapoulitsas analysed different particular cases, showing the validity of this method. There are also other treatments of the Doppler effect, for instance Saknidy [2] commented on a unified treatment of both the classical and relativistic Doppler effect by using four-dimensional space. This well-known effect (the classical and relativistic Doppler effect) has, then, even recently attracted the attention of a great number of authors [1] [2] [3] [4] [5] [6] [7] who in some way have tried to clarify different aspects of this phenomenon. Recently, a very easy derivation of two Doppler formulae was given by Donges [7] . These formulae were obtained for the case in which the observer is at rest and the source is moving with a constant velocity, and also for the case in which the source is at rest and the observer is moving with a constant velocity. The study was limited to one-dimensional motion. We want to generalize the treatment made by Donges for positions of the source and observer that are arbitrary functions of time in three-dimensional space. By doing this the Doppler formula for both a moving source and an observer with constant velocity will also be obtained.
In this work we will first, in section 2, establish a relation between the phase of a harmonic wave measured by the observer and the phase of the wave emitted by a source. This relation depends on the propagation time, i.e. the time it takes the wave to travel from the source to the observer. In addition this propagation time depends on the functions which describe the variation with time of the positions of the source and the observer. Thus, we can study different cases for different kinds of motion. In section 3 the Doppler formula in the general case is derived. In section 4 the basic Doppler formula for the case in which the observer and the source move with constant velocities in the same direction is analysed. In section 5 we consider the case in which the observer is moving and the source is at rest, whereas in section 6 the source will be supposed to be at rest and the observer to be moving. In both sections 5 and 6 we allow for the source and the observer to move in different directions.
Relation between the phases for observer and source
First we will consider the case when the source (S) and the observer (O) are at rest. The temporal oscillation, y S , of a monochromatic wave with angular frequency, ω, at the location of the source can be expressed as:
where ϕ S is the phase of the wave emitted by the source.
If the locations of the observer and the source are described by the position vectors, r O and r S , respectively, the time, τ , which the wave takes to propagate from S to O is
where c is the propagation velocity of the wave.
The temporal oscillation at the location, y O , of the observer can then be expressed by:
where ϕ O is the phase measured by the observer. Equation (3) shows that there is a phase shift between the oscillations at S and O, although the angular frequency measured by the observer and that of the wave emitted by the source are the same.
We can generalize equations (1)-(3) to the case where the observer and the source move along r O (t) and r S (t). Figure 1 describes this situation. Now the propagation time, τ , is given by:
This equation describes the situation for a wavefront arriving at O at time t, which was emitted from the source at a time t − τ and which travels the distance from S to O in a time interval τ . By using equations (3) and (4) the temporal evolution of the phase at O can be described, and the frequency of the wave at O can also be obtained for different situations.
Doppler formula for the general case
In this section we will derive the Doppler formula for the general case. For two waves emitted by the source with a time difference dt, there will be a phase difference ω dt if the observer and the source are stationary. However, by (3) and (4), if the observer and the source are moving, there will be a phase difference: This phase difference is due to the relative motion of the source to the observer with velocity v rel and can be calculated as follows: the distances these waves have to cover differ by v rel · n dt, where n is the outgoing normal to the wavefront, along the line joining the observer and the source (always pointing to the observer). Therefore, they reach the observer not with a time difference dt, but with dt + v rel · n dt c rel · n where c rel is the velocity of the wave relative to the moving source. Consequently, from (5) we get
If v S is the velocity of the source and v O the velocity of the observer, v rel = v S − v O and c rel = c − v S . Therefore we get for the corresponding phase difference seen by the observer:
From (7) the angular frequency, ω , measured by the observer can be identified as:
Equation (8) gives the frequency measured by the observer provided the velocities of the source and observer are known. In some cases, where the motion of the source and the observer can be easily described, equation (8) could be used to obtain the temporal evolution of the frequency measured by the observer. Nonetheless, in general situations it is more useful to use an alternative expression. From equation (5) 
So the angular frequency measured by the observer can also be expressed as:
Equation (10) permits us to obtain the temporal evolution of the angular frequency measured by the observer provided the temporal dependence τ (t) is known for each kind of motion. The aim of this work is to calculate τ (t) for different particular cases by using the time-integrated motion of the observer and the source (equation (4)) and express the general Doppler formula (10) as a function of t. A similar approach can be found in [1] , although Kapoulitsas treated the problem in terms of t (t), where t corresponds to the time in which the wave was emitted from the source.
The source and the observer move along the same direction with constant velocities
For simplicity, it will be supposed that motion takes place along the x direction. In this case the position of the observer can be described by:
and the position of the source by:
where u x is a unit vector in the direction of the x axis. Substituting (11) and (12) into equation (4) we obtain:
The (+) sign corresponds to the case r O (t) > r S (t) (case (i)) whereas the (−) sign corresponds to the case: r S (t) > r O (t) (case (ii)). For simplicity, we will study case (i), although a similar treatment will give the solution for case (ii). From equation (13), τ can be obtained as a function of time, t, as follows:
From equation (14) and by using (10) it is easy to obtain the angular frequency measured by the observer as:
This relation is valid provided
In a similar way (taking the minus sign in equation (13)) it can be demonstrated that:
which is valid, provided that:
These are the classical formulae for the Doppler effect when the source and the observer move with constant velocity in the same direction; they can be found in many introductory physics texts, e.g. [8] [9] [10] . 
The observer moves and the source is at rest
In this case we will suppose that the observer moves in a non-radial direction. For simplicity the source will be supposed to be located at the origin of the reference system adopted, whereas the observer moves along r O (t). In this case equation (4) becomes
If u r is a unit vector in the radial direction from the origin pointing to the location of the observer expression (19) becomes
By differentiating equation (20) with respect to time:
and by using equation (10) the angular frequency measured by the observer can be obtained as:
where it has been taking into account that dr O (t)/dt is v O and the second term in the bracket of (21) is zero since u r · (du r /dt) = 0. Finally equation (22) can be expressed as:
where β is the angle between u r and v O .
The observer moves with a constant velocity
In the case in which the observer moves with a constant velocity, the vector position of the observer can be expressed as: For simplicity, we will study the case in which the observer moves in a perpendicular direction to the x-axis (figure 2). The initial position vector of the observer is assumed to be r O0 = r O0 u x (25) whereas the velocity of the observer will be
where u x is a unit vector in the direction of x axis and u y a unit vector in the direction of the y-axis.
From figure 2 it is easy to calculate the value of cos β as:
By substituting equation (27) into (23) it can be checked that the angular frequency measured by the observer is
(28) Figure 3 shows the angular frequency measured by the observer as a function of time obtained from equation (28). It is interesting to note that the asymptotes of the curves shown in figure 3 are the values of the Doppler angular frequencies for the case in which the observer moves in a radial direction (direction of the source). This can be easily checked by equation (22) for high values of time, t. The physical meaning is easy to understand, because the observer is seen to move from the source in a radial direction provided that the time, t, is large enough.
The observer moves with constant acceleration in the direction of the source
Another interesting example is the case in which the observer moves in a radial direction accelerated with respect to the source.
The position of the observer can be expressed as follows:
where a is the acceleration of the observer and the initial velocity is supposed to be zero for simplicity. Since the observer moves in the direction of the source cos β = 1, so from (23):
Therefore, in the case in which the observer is accelerated with respect to the source the frequency varies linearly with time t. It can also be seen that there is a limiting time (t lim = c/a) corresponding to ω = 0. If t > t lim the frequency measured by the observer is negative, which is not physically possible. It can be easily checked that when t = t lim the velocity of the observer is c, thus when t > t lim the observer moves with velocity v O > c.
The source moves and the observer is at rest
In this case the observer will be supposed to be at rest whereas the source moves through r S (t). In this case equation (6) becomes
The source moves with constant velocity
The vector position of the source can be described by the following equation:
We will assume that:
Equation (31) becomes:
Hence:
For v S < c this has a real, positive solution (by (4), τ must be non-negative):
From equation (37) and by using (10) the angular frequency measured by the observer can be obtained as:
This expression was derived by Kapoulitsas [1] , although as commented in section 3 he treated the problem in terms of t − t . It is easy to see that (38) is equivalent to (8) for v O = 0 and v S · n = −v S cos θ , where θ is the angle between v S and −n. In this case (8) gives and from the geometry in this case
by (35). Therefore we readily get
But this expression is just (38), as it can be seen by solving from (37) for the square root there and substituting into (38). Figure 4 shows the general form of the frequency measured by the observer as a function of time obtained from equation (38). Again, it can be observed that the asymptotes of the curves shown in figure 4 are the values of the Doppler frequencies for the case in which the source moves in a radial direction (direction of the observer).
Conclusions
The classical Doppler effect is analysed using a simple treatment. The model proposed is based on the derivation made by Donges of the Doppler formulae for the case in which the observer moves towards the source or the source moves towards the observer. A generalization to the case in which the source and the observer move with positions which are arbitrary functions of time is made.
By using this theoretical treatment the basic formulae for the case in which the observer and the source move in the same direction with constant velocity are obtained in a very simple way. In addition other cases are analysed and discussed, showing that this method can be generalized to the case in which the vector positions of the source and the observer are arbitrary functions of time.
